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A h e a t - c o n d u c t i o n  p r o b l e m  is  posed  with  a b r a n c h i n g  of the  hea t  f lux a t  the  b o u n d a r i e s ,  l e a d -  
ing to  a s y s t e m  of V o l t e r r a  i n t e g r a l  equa t ions  of the  second  kind; the  s y s t e m  is t r a n s f o r m e d  
to  a f o r m  which can  be  so Ived  by  the  o p e r a t o r  s e r i e s  me thod .  

We c o n s i d e r  the  p r o b l e m  of the  t e m p e r a t u r e  d i s t r i b u t i o n  a long two l i n e a r  hea t  conduc to r s  with t h e r -  
m a l l y  i n su l a t ed  l a t e r a l  s u r f a c e s .  We a s s u m e  tha t  the  hea t  f lux th rough  each  e n d  c r o s s  s e c t i o n  cons i s t s  of 
two t e r m s ,  one of which is  p r o p o r t i o n a l  to  the  t e m p e r a t u r e  d i f f e r e n c e  b e t w e e n  the  c o r r e s p o n d i n g  ends of 
the  hea t  c o n d u c t o r s ,  and the  second  of which is  p r o p o r t i o n a l  to the  t e m p e r a t u r e  d i f f e r e n c e  b e t w e e n  the end 
of the  hea t  conduc to r  and a body  whose  t e m p e r a t u r e  v a r i e s  with t i m e  in a spec i f i ed  way.  Th i s  p r o b l e m  is  
r e d u c e d  to  so lv ing  the  fol lowing s y s t e m  [1]: 
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w h e r e  o~ k and /~k (k = 1, 2, 3, 4) a r e  giCen p o s i t i v e  cons t an t s ,  and the  ~k(t) (k = 1, 2, 3, 4) a r e  g iven  func-  
t ions  of  the t i m e  s a t i s f y i n g  the  condi t ion  
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R e d u c t i o n  to  a S y s t e m  of I n t e g r a l  Equa t ions .  We s e e k  the  so lu t ion  of the  s y s t e m  in t e r m s  of the 
t h e r m a l  p o t e n t i a l s  of a s ing le  l a y e r :  

t 1 

u(x ,  t ) = ~ - ~  P~('Oexp . 4a 2 ( t - x )  + p~ (~)exp . 4a ~ ( t - x )  

t 1 

v (y, t) --  2 V'~ P~ (~) exp - -  4b ~ (t - -  ~) ) + P4 (x) exp dT. (8) 4b ~ (t - -  x) 

It  fo l lows f r o m  (7) and (8) tha t  condi t ions  (1) a r e  s a t i s f i e d  a u t o m a t i c a l l y .  T h e  p r o b l e m  c o n s i s t s  in 
f inding the  unknown s t r e n g t h s  ok(t) (k = 1, 2, 3, 4) so  as  to  s a t i s f y  b o u n d a r y  condi t ions  (2)-(5). E x p r e s -  
s ing  t h e s e  b o u n d a r y  condi t ions  by  us ing  (7) and (8) we obta in  four  i n t e g r a l  equat ions  in four  unknown 
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f u n c t i o n s ,  w h i c h  a f t e r  t he  r e d u c t i o n  of l i ke  t e r m s  t a k e  t h e  f o r m  
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T r a n s f o r m a t i o n  of  K e r n e l s  of  t h e  S y s t e m  of I n t e g r a l  E q u a t i o n s .  T h e  d i f f e r e n c e  k e r n e I s  of  t h e  i n t e -  
g r a l  o p e r a t o r s  a p p e a r i n g  in  E q s .  (9)- (12) do  not  p e r m i t  a d i r e c t  s o l u t i o n  of  t h i s  s y s t e m  b y  the  o p e r a t o r  
s e r i e s  m e t h o d .  T h e r e f o r e ,  we  f i r s t  t r a n s f o r m  s y s t e m  (9)-  (12) s o  a s  t o  o b t a i n  k e r n e l s  d e p e n d i n g  on t h e  
p r o d u c t s  o f  a r g u m e n t s .  T o  do  t h i s  we  i n t r o d u c e  new v a r i a b l e s  s and  v r e l a t e d  to  t and  r b y  the  e q u a t i o n s  

r = In s, 

�9 = - -  lna .  

In  a d d i t i o n ,  we  i n t r o d u c e  n e w  u n k n o w n  f u n c t i o n s  q~k(S): 

% (s) = 01, ( - -  Ins), 

F u r t h e r m o r e ,  we  i n t r o d u c e  the  n o t a t i o n  

h~ (s) = 2 ~  k ( - -  Ins), 

Now s y s t e m  (9)-(12)  t a k e s  t h e  f o r m  
oo 
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k = 1, 2, 3, 4. (14) 

= 1, 2, 3, 4. (15) 
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O p e r a t o r s  of  the  S y s t e m .  T h e  i n t e g r a l  o p e r a t o r s  in s y s t e m  (16)- (19) 
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w h e r e  we call  the  funct ion K(x) the ke rne l  of the i n t eg ra l  o p e r a t o r  (21). 
t o r s  (21) by the f o r m u l a  

x 

1 

(21) 

We find the ke rne l s  of the o p e r a -  

(22) 

The  funct ion K(x) for  the in teg ra l  o p e r a t o r s  which a p p e a r  in Eqs .  (16)-(19) has  one of the fol lowing five 
f o r m s :  
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We find the c o r r e s p o n d i n g  ke rne l s  of the in teg ra l  o p e r a t o r s  cons ide red ,  r educed  to  the f o r m  (21): 
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In Eqs .  (24)-(27) we have  used  the c u s t o m a r y  nota t ion 
e o  

erfcx = l Z~ e-"dt.  (28) 

x 

We denote  in teg ra l  o p e r a t o r s  of the f o r m  (21) with k e r n e l s  "Ki (i = 1, 2, 3, 4, 5) by  the symbo l s  V i (i = 1, 
2, 3, 4, 5). In  addit ion,  we in t roduce  the l inea r  o p e r a t o r  S defined by the e x p r e s s i o n  

-- (P �9 (29) x 

Then  the s y s t e m  of in t eg ra l  equat ions  (16)-(19) can be wr i t t en  in the fol lowing o p e r a t o r  f o r m :  

- -  ( ~ L  + S) ~ ( s ) +  (V~ - - a y e )  ~ (s) + b ~ V , ~  (s)+ ~ y , ~ ,  (s) = Sh~ (s), 

af~Y~(h (s) + f~vcp~ (s) --  (b~V~ + S) ~ (s) + (V~ --:~..V,,) (p, (s) = Shds), (3o) 

(v~- -  ~,v~) ,p~ (s) - -  (a~y~ + ~S) % (s) + f ~ v , ~  (s) + ' b ~ y ~ %  (s) = Sh3 (s), 

~3,V,ep t (s) + e~B,Vxq~ ~ (s) + ~(V 5 - -e , ,V , )  % (s) - -  (b% V x + S):%;(s)i= Sh, (s). 
The  s y s t e m  of i n t eg ra l  equat ions  can now be so lved  by the o p e r a t o r  s e r i e s  method .  

R, V 
a 2, b 2 

NOTATION 

are the temperatures of the first and second linear heat conductors; 

are the thermal diffusivities of the first and second heat conductors; 
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~1~ 12 
':~k, ~k (k = l ,  2, 3, 4) 
Ck(t) {k=l ,  2, 3, 4) 
/~k (k = 1, 2, 3,4)- 
K i (i = 1 , 2 , 3 , 4 , 5 )  
V i (i = 1 , 2 , 3 , 4 , 5 ) ,  S 

a r e  the lengths of the f i r s t  and second heat  conductors;  
a r e  the constant  coeff icients  in the boundary  conditions of the sys t em;  
a r e  the given functions in the boundary conditions of the sy s t em;  
a r e  the unknown s t reng ths  of the t h e r m a l  potent ia ls ;  
a r e  the ke rne l s  of the in tegra l  ope ra to r s ;  
a r e  the l inea r  in tegra l  o p e r a t o r s .  

I~ A~ 
2. G. 
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